
Convergence  of Fourie r  Series : Continuous  Case  

If a  periodic s ignal x is  continuous and its  Fourier series  coefficients  ck 

are  absolutely summable (i.e ., ∑∞  
k =−∞  |ck| <  ∞), then the  Fourier series  

representation of x converges  uniformly (i.e., pointwise  a t the  same rate  

everywhere ).  
 

Since, in practice, we often encounter s ignals  with discontinuities  (e.g., a  

square  wave), the  above result is  of somewhat limited value. 
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Convergence  of Fourie r  Series : Finite -Energy Case  

If a  periodic s ignal x has  finite energy in a  s ingle  period (i.e .,  
{

T |x(t)| dt <  ∞), the  Fourier series  converges  in the  MSE sense. 
 

Since, in s ituations  of practice  interes t, the  finite-energy condition in the  

above theorem is  typically satis fied, the  theorem is  usually applicable. 
 

It is  important to note, however, that MSE convergence  (i.e., E =  0) does  

not necessarily imply pointwise  convergence  (i.e., x̃(t) =  x(t) for a ll t ).  
 

Thus, the  above convergence  theorem does  not provide  much useful 

information regarding the  value  of x̃(t) at specific values  of t. 
 

Consequently, the  above theorem is  typically most useful for s imply 

determining if the  Fourier series  converges. 
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Convergence  of Fourie r  Series : Dirichle t  Case  The Dir ichlet conditions for the  periodic s ignal x are  as  follows: 

1 Over a  s ingle  pe riod, x is  absolutely integrable (i.e ., 
{

T |x(t)| dt <  ∞).  Over a  

s ingle  pe riod, x has  a  finite  number of maxima and minima (i.e ., x is  of 

bounded variation ).  

Over any finite  inte rva l, x has  a  finite number of discontinuities, e ach of 

which is  finite. 

2 
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If a  periodic s ignal x satis fies  the  Dirichlet conditions, then: 

1 The Fourie r se rie s  conve rges  pointwise  eve rywhere  to x, except a t the  

points  of discontinuity of x. 

At each point t =  ta of discontinuity of x, the  Fourie r se rie s  x̃ converges  to 2 

x̃(ta) =  1 
 
x(t−) +  x(t +)

  
,  2 a a 

where  x(t−) and x(t+ ) denote  the  va lues  of the  s igna l x on the  le ft- and a a 

right-hand s ides  of the  discontinuity, re spective ly. 
 

Since  most s ignals  tend to satis fy the  Dirichlet conditions  and the  above 

convergence  result specifies  the  value  of the  Fourier series  a t every point, 

this  result is  often very useful in practice. 
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Examples  of Functions  Viola t ing the  Dirichle t  Conditions  
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Gibbs  Phenomenon 
In practice, we frequently encounter s ignals  with discontinuities. 
 

When a  s ignal x has  discontinuities, the  Fourier series  representation of x 

does  not converge  uniformly (i.e., a t the  same rate  everywhere ).  
 

The rate  of convergence  is  much s lower at points  in the  vicinity of a  

discontinuity. 
 

Furthermore, in the  vicinity of a  discontinuity, the  truncated Fourier series  xN  

exhibits  ripples, where  the  peak amplitude  of the  ripples  does  not seem to 

decrease  with increas ing N. 
 

As it turns  out, as  N increases, the  ripples  get compressed towards  

discontinuity, but, for any finite  N, the  peak amplitude  of the  ripples  

remains  approximately constant. 
 

This  behavior is  known as  Gibbs phenomenon. 
 

The above behavior is  one  of the  weaknesses  of Fourier series  (i.e., 

Fourier series  converge  very s lowly near discontinuities ).  
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Gibbs  Phenomenon: Periodic Square  Wave  Example  
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Section 4.3 
 

 
 
 

Properties  of Fourier Series  
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Properties  of (CT) Fourie r  Series  

x(t) ←→ ak 
CTFS 

and y(t) ←→ bk 
CTFS 

Property Time  Domain Fourie r Domain 

Linearity 

Trans la tion 

Reflection 

Conjuga tion 

Even symmetry 

Odd symmetry 

Rea l 

αx(t) +  βy(t) 

x(t − t0) 

x(−t) 

x∗(t) 

x even 

x odd 

x(t) rea l 

αak +  βbk 

e− jk(2π/ T )t0 ak  
 
a−k 

a∗ 
−k 

a even 

a odd 
 

 

−k ak =  a∗ 

Property 

Parseva l’s  re la tion 1 
T  

{
T |x(t)|2 dt  = ∑∞  

k =−∞  |ak|
2 
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Linearity 

Let x and y be two periodic s ignals  with the  same period. If x(t) ←→ ak 
CTFS 

and y(t) ←→ bk, then 
CTFS 

αx(t) +  βy(t) ←→ αak +  βbk, 
 
 

where  α and β are  complex constants. 
 

That is , a  linear combination of s ignals  produces  the  same linear 

combination of their Fourier series  coefficients. 

CTFS 
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Time Shifting (Trans la t ion) 

Let x denote  a  periodic s ignal with period T and the  corresponding 

frequency ω0 =  2π/ T . If x(t) ←→ ck, then 
CTFS 

x(t − t0) ←→ e− jkω0t0 c CTFS 

k k =  e− jk(2π/ T )t0 c , 

where  t0 is  a  real constant. 
 

In other words, time shifting a  periodic s ignal changes  the  argument (but 

not magnitude) of its  Fourier series  coefficients. 
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Time Reversa l (Reflection) 

Let x denote  a  periodic s ignal with period T and the  corresponding 

frequency ω0 =  2π/ T . If x(t) ←→ ck, then 
 
 

x(−t) ←→ c−k. 
 
 

That is , time reversal of a  s ignal results  in a  time reversal of its  Fourier 

series  coefficients. 

CTFS 

CTFS  
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Conjuga t ion 

For a  T -periodic function x with Fourier series  coefficient sequence  c, the  

following properties  hold: 

x∗(t) ←→ c∗ CTFS 

−k 

In other words, conjugating a  s ignal has  the  effect of time revers ing and 

conjugating the  Fourier series  coefficient sequence. 
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Even and Odd Symmet ry 

For a  T -periodic function x with Fourier series  coefficient sequence  c, the  

following properties  hold: 
 
 

x is  even ⇔ c is  even; and 
 

x is  odd ⇔ c is  odd. 
 

 

In other words, the  even/odd symmetry properties  of x and c always  

match. 
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Real S igna ls  
A signal x is  real if and only if its  Fourier series  coefficient sequence  c 

satis fies  

ck =  c∗ for a ll k −k 

(i.e., c has  conjugate symmetry). 
 

Thus, for a  real-valued s ignal, the  negative-indexed Fourier series  

coefficients  are  redundant, as  they are  completely determined by the  

nonnegative-indexed coefficients. 

From properties  of complex numbers, one  can show that ck =  c∗ is  −k 

equivalent to 

|ck| =  |c−k| and arg ck =  − arg c−k 
 
 

(i.e., |ck | is  even and arg ck  is  odd ).  
 

Note  that x being real does  not necessarily imply that c is  real. 
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Other  P roperties  of Fourie r  Series  

For a  T -periodic function x with Fourier-series  coefficient sequence  c, the  

following properties  hold: 

1 c0 is  the  ave rage  va lue  of x over a  s ingle  pe riod; 

x is  rea l and even ⇔ c is  rea l and even; and 

x is  rea l and odd ⇔ c is  pure ly imagina ry and odd. 
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