@ Ifa periodic signal xis continuousand its Fourier series coefficients cx

are absolutely summable(ie”y <= |Gkl < =), then the Fourier series
representation of xconverges wni/formly (i.e., pointwise atthe same rate

everywhere .(

@ Since, in practice, we often encounter signals with discontinuities (e.g., a
square wave), the above result is of somewhat limited value.



Q ifa periodic signal xhas 7/n/te energyin a single period (i.e-.
~1X()]?dt < ), the Fourier series converges in the //SE sense.

@ Since, In situations of practice interest, the finite-energy condition in the
above theorem is typically satisfied, the theorem is usually applicable.

@ Itis important to note, however, that MSE convergence (i.e., £= 0) does
not necessarily imply pointwise convergence (i.e., X(f) = X(f) for all Z.(

@ Thus, the above convergence theorem does not provide much useful
information regarding the value of X(f) at specific values of 7.

@ Consequently, the above theorem is typically most useful for simply
determining if the Fourier series converges.
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@ The Dirichlet conditions for the periodic signal xare as follows:
@ Overa single period, xis absolutely integrable(i.e., { X0 | dt < «). Overa
@ single period, xhas a finite number of maxima and minima (i.e., xis of
bounded variation.(
@ Overany finite interval, Xhas a 7r/te number of discontinuities each of

which is finite
@ Ifa periodic signal xsatisfies the D/richlet conaditions then:

@ The Fourierseries converges pointwise everywhere to X, except at the

points of discontinuity of X
Q@ Ateach point 7= £z of discontinuity of X, the Fourier series Xconverges to

Xita) = 5 A2+ Ate(*

where X(¢7) and X(¢*) denote the values of the signal xon the left- and
right-hand sides of the discontinuity, respectively.

@ Since most signals tend to satisfy the Dirichlet conditions and the above
convergence result specifies the value of the Fourier series at every point,
this result is often very useful in practice.






@ In practice, we frequently encounter signals with discontinuities.

@ When a signal Xhas discontinuities, the Fourier series representation of x
does not converge uniformly (i.e., at the same rate everywhere.(

@ The rate of convergence is much slower at points in the vicinity of a
discontinuity.

@ Furthermore, in the vicinity of a discontinuity, the truncated Fourier series Xy
exhibits ripples, where the peak amplitude of the ripples does not seem to
decrease with increasing .

@ As itturns out, as Nincreases, the ripples get compressed towards
discontinuity, but, for any finite /V, the peak amplitude of the ripples
remains approximately constant.

@ This behavior is known as

@ The above behavior is one of the weaknesses of Fourier series (i.e.,
Fourier series converge very slowly near discontinuities.(
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Section 4.3

Properties of Fourier Series ‘
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X0 <5 ar and YO <> by

Property Time Domain  Fourier Domain
Linearity ax)+ BUADH aar+ Bbx
Translation Xt —0) g /K2 Db g,
Reflection X —1( a
Conjugation X ar,

Even symmetry  Xeven aeven

Odd symmetry  Xodd aodd

Real X?) real ax= a,
Property

r .
Parsevals relation  + 7 [XD“af*S = - lal”




@ Let xand ybe two periodic signals with the same period. If X#) —"ax
and [f) <5 by, then

ax(d) + BUD <= aac+ Bbee

where a and [3 are complex constants.

@ Thatis, a linear combination of signals produces the same linear
combination of their Fourier series coefficients.

Version: 2016-01-25



@ Let xdenote a periodic signal with period 7 and the corresponding

CTFS

frequency wo = 211 7. If ) — ¢, then
)(([—[0) <R e_//(‘l)ol‘OC P g /K21 7-)1‘0(;/(

where L is a real constant.

@ In other words, time shifting a periodic signal changes the argument (but
not magnitude) of its Fourier series coefficients.
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@ Let xdenote a periodic signal with period 7 and the corresponding
frequency wo = 21 7. If X(f) <= ¢, then

X—1) <> Cck

@ Thatis, time reversal of a signal results in a time reversal of its Fourier
series coefficients.
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@ Fora 7-periodic function xwith Fourier series coefficient sequence ¢, the
following properties hold:

X8 <= c*,

@ In other words, conjugating a signal has the effect of time reversing and
conjugating the Fourier series coefficient sequence.
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@ Fora 7-periodic function xwith Fourier series coefficient sequence ¢ the
following properties hold:

Xis even < Cis even; and

Xis odd < cis odd.

@ In other words, the even/odd symmetry properties of xand calways
match.
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@ Asignal xis realif and only if its Fourier series coefficient sequence ¢
satisfies

ck= Cc*, forall k

(i.e., chas conjugate symmeir)).
@ Thus, for a real-valued signal, the negative-indexed Fourier series

coefficients are real/naant, as they are completely determined by the
nonnegative-indexed coefficients.

@ From properties of complex numbers, one can show that k= C* _is
equivalent to

k| = |c«| and argck= —argc«
)i.e., |ckl is evernand arg ccis oddl(

@ Note that xbeing real does 770/ necessarily imply that Cis real.
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@ Fora 7-periodic function xwith Fourier-series coefficient sequence ¢ the
following properties hold:

Q o is the average value of xover a single periods
Q xisrealandeven < Cis realand even; and

Q Xxisrealand odd < cis purely imaginary and odd.
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